Throughout this note we use the notation from [1] .
there is a set A r;m ⊂ R 3 which is against the family k≤m Z r;k and consists of 12r + 50r 3 + 2m + 1 points whose affine span is a plane. In particular, the set A r;1 , which consists of 12r + 50r 3 + 3 points, is against the family Z r .
Thus, if X : M → R 3 is a complete nonflat orientable immersed minimal surface with empty boundary and the Euler characteristic χ(M ) ≤ m, and if A r;m ⊂ X(M ), then the total curvature TC(X) < −4πr. In particular, no complete nonflat orientable immersed minimal surface X with |TC(X)| ≤ 4πr contains A r;1 . Theorem 1.4. Let X : M → R 3 be a complete orientable immersed minimal surface of finite total curvature and empty boundary. If L ⊂ R 3 is a straight line not contained in X(M ), then
where Deg(N ) is the degree of the Gauss map N of X and χ(M ) is the Euler characteristic of M . Note that each curve γ j there, j = 1, . . . , 2t γ , has precisely m j − 1 cusp points, and hence m γ = 2tγ j=1 (m j − 1). Since every two consecutive subarcs γ j,i , γ j,i+1 of γ j have the opposite character (i.e., one is positive and the other one negative) and γ j consists of precisely m j arcs γ j,i , it turns out that the absolute value of the signed number of crossings of γ j with ℓ is at most 1 + E(
2 ), where E(·) denotes integer part, and hence
Proof of Theorem 1.4. We assume without loss of generality that X is primitive in the sense that there is no nontrivial (finite) holomorphic covering ρ :
Also, we assume that X is neither a plane nor a catenoid; otherwise the conclusion of the theorem is obvious. The proof then follows word by word that of [ 
, Ω a (a ∈ N) the connected components of Σ \ Q. Joining together the above information for all the Ω i 's, and taking into account that each Jordan curve in Q lies in the boundary of exactly two of them, we obtain that
To complete the proof we shall now provide an upper bound for 
To prove this, denote by g the complex Gauss map of X = (X 1 , X 2 , X 3 ). Since the affine line L ⊂ R 3 is assumed to be the x 3 -axis and to lie in G 0 (see conditions (a), (b), and (c) in [1, p. 15 
Denote by C the set of points in |g| −1 (1) whose image by the map (X 1 , X 2 ) : |g| −1 (1) → R 2 is a singular point. Note that C is finite and contains all cusp points of (X 1 , X 2 )| |g| −1 (1) , and hence to prove (2) it suffices to show that
note that Deg(g) = Deg(N ) and that each Jordan curve in |g| −1 (1) lies in the boundary of exactly two domains Ω i . For, observe that the meromorphic function
Choose θ ∈ C such that |θ| = 1 and g −1 (θ) is disjoint from C, consider the meromorphic function u = i g+θ g−θ on Σ, and notice that (5)
Since X is not a plane or a catenoid, we have that u and F are nonconstant, and hence [2, Proposition IV.11.6] provides a nonconstant irreducible complex polynomial P in two variables such that P (u, F ) = 0 everywhere on Σ. Since the Weierstrass data of X : M = Σ \ E → R 3 are determined by g, F , and dg and the immersion X is primitive, it is not difficult to see that (u, F ) is a primitive pair on Σ in the sense of [2, p. 248] , and hence Σ is identified with the algebraic curve associated to {P = 0} via the biholomorphism induced by (u, F ). Since Deg(u) = Deg(g) and Deg(F ) ≤ 4Deg(g), [2, Proposition IV.11.9] ensures that the total algebraic degree of P satisfies Deg(P ) ≤ 5Deg(g). Setting F 1 = ℜF and F 2 = ℑF , (4) and (5) give
Write Q 1 (u, F 2 ) = ℜP (u, iF 2 ) and Q 2 (u, F 2 ) = ℑP (u, iF 2 ). Note that Q 1 and Q 2 are real polynomials in two real variables with the total algebraic degree Deg(Q j ) ≤ Deg(P ) ≤ 5Deg(g), j = 1, 2. Thus, [3, Theorem 8.1] ensures that the algebraic system Q 1 (u, F 2 ) = Q 2 (u, F 2 ) = 0 has at most 25Deg(g) 2 solutions in R 2 . Since Deg(u) = Deg(g), this and (6) imply (3), which proves (2).
Finally, (1) and (2) give
Proof of Theorem 1. 
